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a b s t r a c t
In the present work, a multi-scale modelling strategy to assess the fracture toughness of nanoparticle
ﬁlled thermosetting polymers is presented. The model accounts for the main damaging mechanisms
arising in this kind of materials, i.e. nanoparticle debonding, plastic yielding of nanovoids and plastic
shear banding of the polymer. Further, the proposed analytical framework considers the inﬂuence of
an interphase around nanoparticles, a particular feature of nanocomposites.
Comparison of the theory to a bulk of experimental data from the literature shows a very good
agreement.
Ó 2013 Elsevier Ltd. All rights reserved.

1. Introduction
Nanotechnology has recently emerged as a suitable tool to
optimise properties of materials by designing their internal
structure at the very nanoscale thus assisting in the achievement
of desirable combinations of physical and mechanical properties
[1–3]. However, to fully exploit the potential beneﬁts of nanomodiﬁcation, appropriate models able to soundly predict the macroscale mechanical properties from material structure need to be
developed.
With the aim to explain the signiﬁcant improvements of polymer toughness achievable with low nanoﬁller contents and considering the importance of the several damaging mechanisms that
might take place at the nanoscale, some authors have recently suggested to use a ‘‘multi-mechanism’’ modelling strategy [4–8].
However, modelling the effects of nanoscale damaging mechanisms on macroscale properties is far from easy, essentially because at that length scale classical micromechanics is no longer
valid. Instead, the adoption of a multi-scale strategy is necessary
in order to describe the nanocomposite material behaviour, physically and mathematically, in each individual scale of interest.
In the recent literature several authors dealt with the analysis of
toughening mechanisms in nanocomposites.
Chen et al. [9] carried out a theoretical study on the amount of
energy dissipated by interfacial debonding of nanoparticles and
provided a close form solution for the critical detachment stress.
The size distribution of particles and the debonding probability
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were included into the analytical formulation using a logarithmic
normal distribution and the Weibull distribution function,
respectively.
Some years later, the present authors reﬁned the analysis carried out in [9] studying the effects of a small interphase zone
embedding the nanoparticle [10] and of surface elastic constants
[11] on the critical debonding stress. In both cases, the range of
the nanoparticle radii where those effects are signiﬁcant was
proved to be limited to the nanoscale [10,11].
The energy dissipation phenomena due to particle debonding,
voiding and subsequent yielding of the polymer have been analysed by Lauke [4] who used a simple geometrical model of particle–particle interaction in a regular particle arrangement. By
further applying a critical stress criterion, Lauke found a dissipation zone which was independent of the particle diameter and justiﬁed the increase of crack resistance with decreasing particle size
by the increase in the speciﬁc debonding energy [4].
Williams [5] re-analysed in detail the toughening of particle
ﬁlled polymers assuming that plastic void growth around debonded or cavitated particles is the dominant mechanism for energy
dissipation. He assumed a tri-axial state of stress around the spherical particle and supposed the debonding and cavitation conditions
to be controlled by either surface energy or the cohesive energy of
the particle. Williams further noted that, even if the debonding
process is generally considered to absorb little energy, it is essential to reduce the constraint at the crack tip and, in turn, to allow
the epoxy polymer to deform plastically via a void-growth mechanism. A similar result was found also by the present authors [12].
Hsieh et al. [6,7] studied the fracture toughness improvements
resulting from nanomodiﬁcation of epoxy resins with silica
nanoparticles. Based on experimental observations, they identiﬁed
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two dominant mechanisms responsible of toughening improvements, namely localised shear banding of the polymer and particle
debonding followed by subsequent plastic void growth. They ﬁnally adapted a previous model due to Huang and Kinloch [13] for
rubber modiﬁed epoxy polymers to predict the fracture toughness
improvements resulting from nanomodiﬁcation.
The investigations in [4–7] support the idea, recently formulated
also by the present authors [8], that the most effective approach to
predict the nanocomposite toughness is a ‘‘multi-mechanism’’ modelling strategy, in which the contribution of each mechanism is
appropriately determined and weighted according to the speciﬁc
case (accounting for the type, the morphology and the functionalisation of the nanoﬁller). Accordingly the nanocomposite fracture
toughness can be written as the summation of the fracture toughness of the unloaded matrix, GIm, and the fracture toughness
improvement due to the each i-th damaging mechanism, DGi.
Great efforts have been recently devoted by the present authors
to develop analytical formulations for DGi contributions due to the
most relevant toughening mechanisms occurring in nanoparticle
ﬁlled polymer resins. Among these, debonding of nanoparticles followed by plastic yielding of nanovoids [12] and plastic shear banding of the polymer [14] have been analysed. The major novelty of
these recent works, with respect to those in the previous literature
dealing with the same subject [4–7], lays on the fact that the effect
of an interphase zone surrounding the nanoparticle, characterised
by mechanical properties different from those of the constituents,
is explicitly considered.
Starting from the analytical models developed in previous
works [12,14], the main aim of the present paper is to provide a
multiscale analytical procedure useful to evaluate the overall fracture toughness of a polymer/nanoparticle nanocomposite.
The proposed multiscale-multimechanism model accounts for
particle debonding, plastic yielding of nanovoids and shear banding of the polymer, thus allowing to quantify the effect of the associated energy dissipation phenomena on the overall fracture
toughness of the material. Theoretical predictions for the nanocomposite fracture toughness are compared with a large bulk of
experimental data taken from the literature, showing a satisfactory
agreement.

2. Description of the multiscale strategy adopted for the
analysis
Nanocomposites are endowed with a hierarchical structure,
which encompasses the nano and the macro length-scales. A successful prediction of the mechanical properties of these materials
thus requires models able to account for the phenomena peculiar
of each length-scale and to bridge their effects from the nano scale
to the macroscale.
According to [8] it can be stated that, generally speaking, three
stages should be addressed in nanocomposite modelling, each
stage being referred to a speciﬁc length scale and to be tackled
with the aid of dedicated models. Basic models can be ﬁnally
assembled to build a multiscale modelling strategy.
The present authors have recently proposed a hierarchical multiscale strategy according to which the nanocomposite material is
mathematically decomposed into three systems of interest.
Brieﬂy:
– the macroscale system is thought of as an amount of material
over which all the mechanical quantities (such as stresses and
strains) are regarded as averaged values [15] and are supposed
to be representative of the overall material behaviour;
– the micro-scale system is thought of as being sufﬁciently small
to be regarded, mathematically, as an inﬁnitesimal volume of
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the macro-scale one. At the same time it has to be, by deﬁnition,
large enough to be statistically representative of the properties
of the material system (described by a Representative Volume
Element, RVE);
– the nanoscale system represents a single unit cell of those
compounding the micro-scale system and it accounts for the
material morphology at the nanoscale.
– The link between different system is obtained through the
combined use of the Mori–Tanaka theorem and the Global Concentration Tensors of Eshelby dilute solution (see Fig. 1).
Accordingly, the stress acting on the boundary of a single
nano-inhomogeneity (nanoscale) is approximated as:

rn ¼ H :



1
V

Z



r^ dV ¼ H : r

ð1Þ

V

where H is the Global Concentration Tensors of Eshelby dilute soluR
^ dV is the mean value for the stress ﬁelds over
tion [10], and V1 V r
the RVE which, thanks to Mori–Tanaka theorem equates the macroscale stress ﬁeld.
The system under investigation at the nanoscale, shown in
Fig. 2a, is constituted by:
– a spherical nanoparticle (nanovoid) of radius r0;
– a shell-shaped interphase of external radius a and thickness t
(a = t + r0) and uniform properties;
– a volume of matrix of which the size are much greater than a
and r0.
This system accounts for molecular interactions at the nanoscale through the size and elastic properties of the interphase layer
[10]. Unfortunately there is a lack of reliable data about the law of
variation of the interphase properties across its thickness [16]. This
urged some authors [10,12,14,16–19] to assume that a throughthe-thickness average is representative of the overall property distribution within the interphase. Consequently, the interphase is
supposed to be homogeneous and isotropic.
The system at the macro-scale is constituted, instead, of a
cracked nano-modiﬁed matrix (see again Fig. 2b) under mode I
loadings. It is assumed that the macroscopic stress ﬁelds due to
the crack, given by Irwin’s solution (see [14] for more details)
enhances the formation of a process zone containing all the nanoparticles subjected to damage, thus promoting energy dissipation
at the nanoscale, and resulting, in turn, in an overall fracture
toughness improvements of the nanocomposite.

Fig. 1. Multiscale strategy and systems of interest.
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where fp0 is the nanoﬁller volume fraction and cdb is the interfacial
fracture energy. The macroscale increment in terms of Strain Energy
Release Rate due to this mechanism can be estimated inserting Eq.
(5) into (4):

DGdb ¼ fp0  wdb  GIc

ð6Þ

where GIc is the fracture toughness of the nanocomposite and wdb is
a term accounting for energy dissipation [12]

(a)

wdb ¼

(b)

Fig. 2. Description of the systems under analysis at the nanoscale (a) and at the
macroscale (b).

As discussed in the introduction, on the basis of recent
experimental observations [6,7], it can be reasonably assumed that
several nanoscale damaging mechanisms might simultaneously
contribute to the overall fracture toughness of the nanocomposite.
Accordingly, the nanocomposite toughness can be written as

GIc ¼ GIm þ

X
i

DGi

ð2Þ

where GIm is the toughness of the unloaded matrix and DGi is the
toughness improvement due to the i-th damaging mechanism.
Denoting with Ui the energy produced at the nanoscale by a
particular mechanism, the corresponding microscale strain energy
density is:

ui ¼ U i 

3f p0
4pr30

ð3Þ

where fp0 is the volume fraction of nanoparticles. Finally, the fracture toughness enhancement due to the single damage mechanism,
to be inserted in Eq. (2), can be determined as [12,14,20]:

DGi ¼ 2 

Z

qi

ui dq

ð4Þ

0

where qi denotes the extension of the damaged zone ahead of the
crack tip.

3. Modelling of the fracture toughness enhancements due to
the different damaging mechanisms
It is acknowledged in the literature that the two dominant
mechanisms responsible of toughening improvements for polymers reinforced by rigid nanoparticles (such as silica or alumina
nanoparticles) are the localised shear banding of the polymer and
particle debonding followed by subsequent plastic yielding of
nanovoids [6,7,12,14].
In the following sections close form expressions useful to evaluate the fracture toughness improvements, DGi, due to the above
mentioned mechanisms are given. Finally, in Section 3.4 a uniﬁed
expression for the overall nanocomposite fracture toughness is
derived.
3.1. Fracture toughness enhancement due to particle debonding
In Ref. [12] it is assumed that in a damaged region close to the
crack tip (Debonding Region, DBR) the high level of the crackinduced hydrostatic stress promotes debonding of nanoparticles.
The microscale strain energy density dissipated by this mechanism
can be calculated as:

udb ¼ 3

cdb
r0

fp0

ð5Þ

2
c
1 þ mo
Eo
 db 

3p r 0
1  mo r2cr ðC h Þ2

ð7Þ

In Eq. (7) Eo and mo are the elastic properties of the nanocomposite,
rcr is the critical debonding stress [10]:

rcr

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃsﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4 cdb Em
vð4 þ nÞ  nðv  1Þðr0 =aÞ3
ﬃ
r 0 1 þ mm
4 þ n þ 4ðv  1Þðr 0 =aÞ3

ð8aÞ

and Ch is the reciprocal of the hydrostatic part of the global stress
concentration tensor [9]

Ch ¼

K m ðn þ 4Þð3K p =Gm þ 4vÞ
K p ðn þ 4vÞð3K m =Gm þ 4Þ
ð4n  12K p =Gm Þð1  vÞ r 0 3
þ
ðn þ 4vÞð3K m =Gm þ 4Þ a

ð8bÞ

where Em and mm are the elastic modulus and Poisson’s ratio of the
matrix, Km, Ka and Kp the bulk moduli of the matrix, the interphase
and the nanoparticle, Gm and Ga are the shear elastic moduli of the
matrix and the interphase, v = Ga/Gm and n = 3Ka/Gm
3.2. Fracture toughness enhancement due to the plastic yielding of
nanovoids
Debonding of nanoparticles creates a number of nanovoids of
the same diameter of the initial nanoparticles. Whenever the stress
ﬁeld around a nanovoid is high enough it might cause local yielding of the nanovoids. Through a multiscale analysis of the energy
dissipation process due to plastic yielding of nanovoids, Zappalorto
et al. [12] provided the following expression for the fracture toughness enhancement due to this mechanism:

DGpy ¼ fp0  wp  GIc

ð9Þ

where GIc is the fracture toughness of the nanocomposite and wp is
a term accounting for energy dissipation and can be written as:

wp ¼

4
Eo ð1 þ mo Þð1 þ mm Þ

9p C h E m
1  mo


 3 1rrYa  rcr 
Ym
3C h r 1
rYm a
Ym
e

rcr r0

ð10aÞ

for an elastic perfectly plastic behaviour of the matrix and the interphase or as:
8
3nm 9
2
>
>
>
>
rcr
< 2 1þm E r
3
3C h rYm  ð1  nm Þ
7 =
6
a
o o
Ym
7
wp ¼

ð Þ 6
5 >
>9pC h 1  mo Gm rcr r 0 4 rYa eYm n1a  a 3=na
>
>
;
:
na rYm eYa
 1 þ nm
r0
ð10bÞ

for a hardening behaviour of the matrix and the interphase, where

rYm and rYa are the yield stress of the matrix and the interphase, nm
and na are the hardening exponents of the matrix and the
interphase, respectively.
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Table 1
Summary of all the systems considered, related references and the properties used in the present analysis.
Series

Reference

Matrix

Nanoﬁller

r0 (nm)

t (nm)

Em (MPa)

v

rym (MPa)

rycm (MPa)

cfm

1
2
3
4
5
6
7
8
9
10
11
12

Hsieh et al. [7]
Zamanian et al. [23]
Zamanian et al. [23]
Zamanian et al. [23]
Dittanet and Pearson [24]
Dittanet and Pearson [24]
Dittanet and Pearson [24]
Ma et al. [25]
Ma et al. [25]
Chen et al. [26]
Liang et al. [27]
Liang et al. [27]

DGEBA
DGEBA
DGEBA
DGEBA
DER331
DER331
DER331
DGEBA, Araldite-F
DGEBA
DGEBF
DGEBA/F
DGEBA

SiO2 nanoparticles (Nanopox F400)
Nonporous silica (Aerosil 200)
Nonporous silica (Aerosil 90)
Nonporous silica (OX50)
SiO2 nanoparticles (nano-SiO2)
SiO2 nanoparticles (nano-SiO2)
SiO2 nanoparticles (nano-SiO2)
SiO2 nanoparticles (Nanopox F400)
SiO2 nanoparticles (Nanopox F400)
SiO2 nanoparticles (MEK-ST)
SiO2 nanoparticles (Nanopox E430)
SiO2 nanoparticles (3 M)

10
6
10
20
11.5
37
85
10
10
6
10
40

4
4
4
4
4
4
4
4
4
4
4
4

2960
3530
3530
3530
3500
3500
3500
3200
2750
2760
2410
2410

1.7
1.7
1.7
1.7
1.7
1.7
1.7
1.7
1.7
1.7
1.7
1.7

88
88.15
88.15
88.15
85
85
85
88.2
57.1
86
50a
50a

120
96.12
96.12
96.12
107.2
107.2
107.2
120a
120a
120a
94.4
94.4

0.75
0.72
0.72
0.72
0.71
0.71
0.71
0.4a
0.72a
0.75a
0.71
0.71

a

These data were not provided by the Authors of the original works. These properties have been supposed by the present authors on the basis of similar systems.

300
1200

DER331
SiO2 nanoparticles
r 0 = 3 7 nm

200
900

GIc [J/m2]

GIc [J/m2]

DGEBA
SiO2 nanoparticles (Nanopox F400)
r0=10 nm

100

Eq. (14)

600

Hsieh et al. [7]
0
0%

4%

8%

300

Eq. (14)
Experimental data [24]

12%

Nanofiller weight fraction, W t

0
0%

Fig. 3. Comparison between Eq. (14) (solid line) and the experimental data from
DGEBA/Nanopox system [7].

4%

8%

12%

16%

Nanofiller weight fraction, W t

3.3. Fracture toughness enhancement due to localised shear banding

Fig. 5. Comparison between Eq. (14) (solid line) and the experimental data from
DER331/SiO2 nanoparticles [24].

In a damaged region close to the crack tip (Shear Banding
Region, SBR) the stress concentrations around nanoparticles might
promote local shear yielding, with the formation of less or more
pronounced plastic shear bands [14]. Through a multiscale analysis
of the process the following expression for the fracture toughness
enhancement linked to this mechanism was provided [14]:

In Eq. (12), l is a dimensionless pressure coefﬁcient, ryca is the
interphase yielding stress under compression, whereas function C
quantiﬁes the energy produced at the nanoscale and ISB accounts
for the stress concentration around nanooparticles [14]:

DGSB ¼ fp0  wSB  GIc

C ¼ sym cfm

ð11Þ

8
<

p

: 6f p0

!13


sya cfa
52 sya cfa
 1
63 sym cfm
sym cfm

!

9


=
4
2
32
1 a
a
4 Z þ128a
6 MÞ
Q þ
ð4S 32a
þ
;
21
3 5
315

where wSB accounts for the energy dissipation at the nanoscale:

wSB

ISB

Eo
¼
pﬃﬃﬃ 2 1  m2  C
2
o
4pryca ð1  l= 3Þ

ð12Þ
ISB ¼

GIc [J/m2]


1  2
p Hv M þ k lHh Hv M þ jl2 H2h
2p

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
Q
2  1
M¼a
Q¼ a
r0
  88Q
  7Q
S ¼ 105a
Z ¼ 9a

ð13bÞ

¼
a

800

600

ð13aÞ

DGEBA
Aerosil 200
r0=6 nm

In Eq. (13a) sym and sya are the shear yielding stress of the matrix
and of the interphase, whereas cfm and cfa are the shear fracture
strains.
In Eq. (13b), parameters p, k, j are functions of the Poisson’s
ratio, Hh = 1/Ch and HvM is the deviatoric component of the global
stress concentration tensor. It can be evaluated numerically or
analytically [14,17].

400

200

ð13cÞ

Eq. (14)
Experimental data [23]

0
0%

2%

4%

6%

Nanofiller weight fraction, W t
Fig. 4. Comparison between Eq. (14) (solid line) and the experimental data from
DGEBA/Aerosil 200 system [23].

3.4. Overall fracture toughness of the nanocomposites
As far as the fracture toughness improvements due to each relevant damaging mechanism, DGi, are known, the overall nanocomposite fracture toughness can be estimated according to Eq. (2).
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Fracture toughness, GIC [J/m2]

800

800

Series 3

600

600

400

400

200

200

0
0%
900

2%

300
3%

0
0%

6%

100

400

300

50

200

1500

5%

10%

Series 10

0
0%
5%
1500
Series 11

0
0%
5%
1200
Series 12

10%

1000

1000

800

500

500

400

0
0%

3%

6%

10%

Series 9

Series 8

600

0
0%

5%

600

150
Series 7

Series 5

600

0
0%

4%

900

Series 4

0
0%

3%

6%

0
0%

3%

10%

6%

Nanofiller weight fraction, Wt
Fig. 6. Summary of the comparisons between Eq. (14) (solid line) and the experimental data from Series 3–5, and 7–12 (see Table 1).

Thus, substituting Eqs. (6), (9), and (11) into (2) one obtains the
overall fracture toughness of the nanocomposite as a function of
GIm and fp0

GIc ¼

GIm
1  fp0 ðwdb þ wp þ wSB Þ

ð14Þ

As highlighted by Eq. (10) and (13), in principle, the estimated
value of the overall fracture toughness of the nanocomposite
depends also on the strength and yield properties of the
interphase. However, precise information on these interphase
properties are unavailable. Accordingly, for the sake of simplicity,
in this work we propose to equate all the yield and strength
properties of the interphase to those of the matrix.

4. Estimation of interphase size and elastic properties
5. Model validation by comparison with experimental data
In order to apply Eq. (14) the properties and size of the interphase need to be determined.
The elastic properties and the thickness of the interphase can be
computed by means of numerical simulations carried out within
the frame of MD as done for example by Odergard et al. [18] and
Yu et al. [19], which provide, as outputs, the radial extension of
the interphase as well as the elastic properties averaged through
the thickness.
Alternatively, for a speciﬁc system, they could be determined a
posteriori by ﬁtting the experimental values for the elastic properties of the nanocomposite by a multi-phase, micromechanical
model.
In this paper we have used the model provided by Dunn and
Ledbetter [21], who suggested:

K0 ¼ Km þ

3
H
H
1 fp0 ða=r 0 Þ ðK a  K m ÞT pa þ fp0 ðK p  K a ÞT p
3
1  fp0 þ fp0 ða=r 0 Þ3 T Hpa

ð15Þ

where:
  3

r 3
r0
Kp  Km
Ka  Km
0
þ 1
a 3c0a ðK p  K m Þ þ K m
a
3c0a ðK a  K m Þ þ K m
3c0m ðK p  K m Þ
H
Tp ¼ 1 
3c0m ðK p  K m Þ þ K m

T Hpa ¼ 1  3c0a

3c0a ¼ ð1 þ ma Þ=½3ð1  ma Þ 3c0m ¼ ð1 þ mm Þ=½3ð1  mm Þ

ð16Þ

The best ﬁtting of elastic properties of nanocomposite materials
using Eq. (15) allows to estimate the ‘‘optimum’’ combination of
interphase elastic properties and size to be used in the proposed
modelling strategy.

In this section, the theoretical estimations of the nanocomposite
fracture toughness obtained by Eq. (14) are compared to a bulk of
experimental data taken from the literature. A summary of the
data used, the relevant references and the properties used in the
analysis are reported in Table 1.
It is worth mentioning here that in some cases the authors
explicitly provided, in the original work, all the data necessary to
the analysis, while in other cases some data have been assumed
by analogy with similar systems.
Initially the attention has been focused on the data by Hsieh
et al. [7], on which an accurate reverse engineering analysis has
been carried out in order to determine the elastic properties and
the size of the interphase, using Eq. (15). The resulting best ﬁtting
values have been found to be v = 1.7 and t = 4 nm, respectively. As
a second step, it has been veriﬁed that these values allow a satisfactorily accurate ﬁtting of the elastic properties for all the other
considered data so that the same values (t = 4 nm and v = 1.7) have
been used for all the systems analysed in the present work.
It is interesting to note that v = 1.7 is very close to the value
measured by Watcharotone et al. [22] for polymethyl-methacrylate
via nanoindentation experiments on thin ﬁlms coupled with ﬁnite
element modelling.
For the sake of simplicity, the plastic properties of the interphase zone have been supposed to equate those of the matrix.
With reference to the data provided by Hsieh et al. [7], Fig. 3
shows a comparison between the fracture toughness predicted
by Eq. (14) and experimental results. It is evident that for low ﬁller
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[7]
[23]
[23]
[23]
[24]
[24]
[24]
[25]

Estimated GIC [J/m 2]
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r0=10 nm
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r0=11.5 nm
r0=37 nm
r0=85 nm
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lower scale and accounts for the emergence of an interphase, created
by the inter- and supra-molecular interactions arising at the nanoscale, with mechanical properties different from those of the matrix.
The model has been compared to a large bulk of experimental data
collected from the literature, showing good agreements.
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Fig. 7. Comparison between experimental values and the predicted values (Eq.
(14)) of the fracture toughness for all the nanocomposite systems re-analysed in the
present work.

weight fractions (up to 8%) the agreement is very satisfactory.
Instead, for higher ﬁller content, Eq. (14) predicts a monotonically
increasing fracture toughness, while experimental results exhibit a
plateau, commonly acknowledged as due to ﬁller aggregation. This
deviating behaviour of theoretical predictions with respect to
experiments should not surprise the readers; indeed, as basic
assumption of the proposed model, the nanoﬁller is supposed to
be uniformly dispersed and distributed, neglecting the high tendency to agglomerate exhibited by nanoparticles beyond a certain
value of the weight fraction. It is clear that this approximation
hampers the application of the model to high nanoﬁller contents.
On the other hand, the great potential of nanomodiﬁcation lays
on the achievement of signiﬁcant improvements of polymer
toughness at low nanoﬁller contents, while the knowledge of the
material behaviour besides this zone of steep property increase is
less important. Nevertheless an agglomeration model is going to
be developed by the present authors.
A satisfactory agreement at low ﬁller weight fraction is evident
also in Fig. 4, where a comparison between the fracture toughness
predicted through Eq. (14) and the experimental results provided
by Zamanian et al. [23] is presented.
However, in few cases of those analysed, the agreement is less
satisfactory. Fig. 5 for example, shows the data by Dittanet and
Pearson [24]. In this case experimental data exhibit an initial very
steep increase and then tend toward an almost constant value; the
theoretical curve is not able to seize this trend, and an accurate
prediction is possible only for the data at 8% Wt.
A summary of all the other data not discussed before is reported
in Fig. 6: on the basis of the overall good agreement with the
experimental data, it can be concluded that Eq. (14) allows, in general, a satisfactory estimation of the fracture toughness of polymers reinforced with nanoparticles.
Eventually, predicted values are plotted versus experimental
values for all the analysed data in Fig. 7, limiting the attention only
to low ﬁller contents. The satisfactory agreement is conﬁrmed: the
majority of data fall within a ±10% scatter band, while a ±20% scatter band includes all the experimental set of data but one.
6. Conclusions
In the present work, a multi-scale multi-mechanism modelling
strategy has been provided for the prediction of toughness
increments caused by the emergence of debonding, plastic yielding
and localised plastic shear bands in nanoparticle ﬁlled resins. The
model is based on the quantiﬁcation of the energy absorbed at the
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